and quasi-cyclic (QC) codes (over fields) have been shown to yield useful results in coding theory. Combining these two ideas we study -QC codes and obtain new binary codes using the usual Gray map. Among the new codes, the lift of the famous Golay code to produces a new binary code, a (92 2 28)-code, which is the best among all binary codes (linear or nonlinear). Moreover, we characterize cyclic codes corresponding to free modules in terms of their generator polynomials.
I. INTRODUCTION
The study of linear codes over 4 and quasi-cyclic (QC) codes over finite fields have provided useful results in coding theory. After the realization of some good binary nonlinear codes from 4 codes in [11] , there have been a lot of investigations of the codes over the ring of integers modulo 4. Among the many results in this area, a new binary nonlinear code was constructed with this approach in [3] . On the other hand, many new linear codes have been discovered which are QC [4] - [6] , [9] , [10] , [16] . We combine these two methods and study QC codes over 4 with the goal of finding new binary codes. We have done a computer search to produce some QC codes which improve the known minimum distances for certain lengths and sizes of binary codes. For the purpose of comparison we used Brouwer's table [2] for linear codes, and Litsyn's table [13] for nonlinear codes which, in many cases, does not extend to the values of the parameters of our interest. Among the codes constructed is the quaternary [46; 12; 28]-code obtained by lifting the famous binary Golay code which yields a binary (92; 2 24 ; 28) nonlinear code which is the best among all binary codes. In the process of the search, we also constructed codes with the same parameters as the best known binary linear codes. There are two up-to-date tables of best known linear codes (over the finite fields of order 2; 3; 4; 5; 7; and 9 up to certain lengths and dimensions) and best known binary nonlinear codes (up to minimum distance 30) available on the World Wide Web [2] , [13] maintained by Brouwer and Litsyn.
We will briefly recall some of the basic definitions and facts for linear codes over 4 . A detailed treatment of this can be found in [18] , [14] , [11] , or [17] . A linear code of length n over 4 (sometimes called a quaternary code, even though this term is also used for codes over the finite field GF (4) ) is a 4 -submodule of n 4 . Any 4 linear code C is permutation equivalent to a code with a generator matrix of the form The map that is used to obtain binary codes from 4 codes is the Gray map and is defined as follows. First we map 0; 1; 2; 3 to (0; 0); (0; 1); (1; 1) and (1; 0), respectively, then extend it in an obvious way to a map from n 4 to 2n 2 . The Gray image (C) of a 4 code C of length n will then be a binary code of length 2n.
Although the Gray map is not linear and, therefore, the Gray image of a 4 linear code will not be a binary linear code in general, it has the important property that it is an isometry from ( n 4 , Lee distance) to ( hx n 0 1i : Some of the most important facts about ideals of this ring and factorization of x n 0 1 are collected below, and they can be found in [18] , [14] , or [17] .
Theorem 1 [14] , [18] : Let n be an odd positive integer. Then x n 01 can be factored into a product of finitely many pairwise coprime basic irreducible polynomials over 4 , say, x n 0 1 = g1(x)g2(x) 1 11gr(x).
Also, this factorization is unique up to ordering of the factors. In fact, we have the following: if f2(x)j(x n 01) in 2[x] then there is a unique monic polynomial f(x) 2 4 [x] such that f(x)j(x n 01) in 4 [x] and f(x) = f 2 (x), where f(x) denotes the reduction of f(x) modulo 2.
The polynomial f(x) in this theorem is called the Hensel lift of f2(x). One way of finding this polynomial is Graeffe's method [11] , [20] 
Theorem 2 [14] , [18] : Let n be an odd positive integer and let I be an ideal in R. Then there are unique monic polynomials f (x); g(x); and h(x) over 4 such that
Theorem 3 [14] , [18] : If n is odd, every ideal I of R is principal.
More precisely, I = hp(x)i where
) and f (x); g(x); h(x) are as above. 
Remark 2:
We will investigate when p(x) divides x n 0 1 and when it does not. This is related to the code being a free module or not. Recall that a free module is one with a basis. Not every module over a ring need to have a basis. In case the module (over a commutative ring with identity) is free, then every basis of it contains the same number of elements and this number is called the rank of the module.
Definition II.1: Two polynomials f 1 (x); f 2 (x) 2 4 [x] are said to be relatively prime (or coprime), denoted (f1(x); f2(x)) = 1,
Theorem II.1: Let I be a cyclic code over 4 of odd length n. Then I is a free module of rank k if and only if the generator polynomial p(x) of the corresponding ideal divides x n 0 1 and deg (p(x)) = n 0 k.
Proof:
(=: This direction is proved in [18] . It is shown that the set fp(x); xp(x); x 2 p(x); . . . ; x k01
p(x)g forms a basis for the code. We first show that k = s. Consider the image I of I under reduction mod2. We claim that jIj = 2 k . Suppose that there is a rela- p(x)g forms a basis for I . Next we are going to show that h(x) = 1, which will imply that p(x)j(x n 0 1). Consider the vector x k p(x). This can be written as
for some scalars a i 2 4 . This is equivalent to p(x)t(x) = 0 mod (x n 0 1) where
with a k = 1, is a monic polynomial of degree k. This means Cyclic codes over 4 corresponding to free modules share many of the properties with their counterparts over fields. The following proposition is an example of this which can be proven easily. If, on the other hand, p(x) is of the form
(with deg h(x) > 0), then a generator matrix for the code is the matrix with the rows
2f (x)g(x); 2xf (x)g(x); . . . 
III. QUASI-CYCLIC CODES OVER 4
Quasi-cyclic QC and quasi-twisted (QT) codes over fields have been considered by many authors and a large number of new codes of these types have been discovered. We refer the reader to [1] , [4] - [7] , [9] , [10] , [12] and [16] for properties of QC codes and the new codes which are QC.
In this correspondence, we consider QC codes over the ring 4 , prove some algebraic results, and obtain some new codes.
Definition III.1: Let R be a ring. A linear code of length n = ml over R, i.e., an R-submodule of R n is called an l-QC code over R if it is invariant under cyclic shifts by l positions.
An l-QC code of length n = ml over a ring R is an R [x] hx 01i submodule of ( R [x] hx 01i ) l . An r-generator QC code is one with a set of r generators. The main facts about 1-generator QC codes over finite fields as given in [12] , [15] , and [16] . In this work, we only consider 1-generator QC codes over 4.
Theorem III.1: Let C be a 1-generator l-QC code of length n = ml, with m odd, over 4 with a generator of the form Negacyclic codes over 4 have recently been investigated in [19] . Most of the results about cyclic codes are also true for negacyclic code. For example, negacyclic codes are ideals in the ring [x] hx +1i . Factorization of x n +1 in 4[x] is analogous to that of x n 01 and is, in fact, obtained from it as follows.
Let n be an odd integer, and let x n 01 = (x01)a(x)b(x) (which is obtained from the factorization of x n 01 in 2 [x] by lifting the factors). Applying the transformation (a ring homomorphism) x 7 0! 0x to this equation, we get x n + 1 = (x + 1)a(0x)b(0x). Any ideal in [x] hx +1i is generated by an element of the form
Theorem II.1 can be easily modified to state that a negacyclic code of length n is a free module of rank k if and only if its generator polynomial divides x n + 1 and has degree n 0 k.
An l-QT code is a linear code which is invariant under negacyclic shifts by l positions. More information about QT codes can be found in [1] . We can immediately obtain a result similar to Theorem III.1. 
V. NEW CODES AND THEIR GENERATORS
Theorem 5 was the basis of the search method of [16] and [1] where they found many new QC and QT codes. The analogous Theorems III.1 (and IV.1) for 4 codes is the basis of our method of search. We start with a polynomial g 2 (x)jx m 0 1 in 2 [x] for an odd integer m. Then we compute its Hensel lift g(x)jx m 01 in 4[x] (or dividing x m +1).
Note that in this case the cyclic code generated by g(x) is a free module of rank n 0deg g(x). Then we search over 1-generator 4 -QC (or QT) codes of the form (g(x)f1(x); g(x)f2(x); . . . ; g(x)f l (x)) of length n = ml. In fact, we always work with the case l = 2 in this search.
Finally, we map our codes to F 2n 2 via the Gray map and get binary codes. The parameters of new codes, their generators, and Lee weight enumerators follow. In some cases, we have been able to determine that resulting binary codes are not linear. For each of the codes 1-3, we considered linear span of k vectors (for appropriate k) and we found words of weights not appearing in the weight enumerators of these codes, showing that these codes are not linear. In general, however, determining linearity of Gray image of a 4 code is not trivial. Then the 4 -QC code with the generators (g(x); g(x)f (x)) has length 46, rank 12 [2] , but also establishes a new record among all nonlinear binary codes [13] . In terms of the notation of [13] , this improves A(92; 28) = A(91; 27) from 2 23 to 2 24 where A(n; d) denotes the size of the largest binary code of length n and minimum distance d. In other words, this code contains twice as many codewords as the previously best known comparable code. ; 28)-code. This code is necessarily nonlinear because its minimum distance exceeds the largest possible minimum distance of a linear code with these parameters [2] . Moreover, it gives the parameters of the best known binary nonlinear code [13] . The Lee weight enumerator of this code is ; 26)-code, which has the parameters of the best known binary linear code which is also optimal. This code has fewer codewords than the comparable best known nonlinear binary code [13] The QT code whose generator matrix has the rows has length 42, size 2 13 , and minimum Lee weight 34. Therefore, its Gray image gives a binary (84; 2 13 ; 34)-code which has a larger minimum distance than the best known [84; 13; 33] binary code. The Lee weight enumerator of this code is has length 126, size 2 13 , and minimum Lee weight 118. Therefore, its Gray image is a (252; 2
13
; 118) binary code with a larger minimum distance than the best known [252; 13; 116] binary linear code. The Lee weight enumerator is as follows: ; 120) binary code: This code is obtained by extending the previous code by a parity check and then taking the Gray image. It has a better minimum distance than the best known [254; 13; 118] binary linear code and has the parameters of an optimal linear code for this length and the size (which is currently hypothetical and yet to be constructed).
